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Abstract
Let C be a closed convex subset of Hilbert space H , T a nonexpansive nonself-mapping from C
into H , and x0, x, y0, y elements of C. In this paper, we study the convergence of the two sequences
generated by
xn+1 = 1
n + 1
n∑
j=0
(
αnx + (1 − αn)(PT )j xn
)
for n = 0,1,2, . . . ,
yn+1 = 1
n + 1
n∑
j=0
P
(
αny + (1 − αn)(T P )j yn
)
for n = 0,1,2, . . . ,
where {αn} is a real sequence such that 0 αn  1, and P is the metric projection from H onto C.
 2004 Elsevier Inc. All rights reserved.
Keywords: Fixed point; Nonexpansive nonself-mapping; Strong convergence; Metric projection
* Corresponding author.
E-mail addresses: shin-ya@cis.shimane-u.ac.jp (S. Matsushita), kuroiwa@cis.shimane-u.ac.jp
(D. Kuroiwa).0022-247X/$ – see front matter  2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2004.02.010
S. Matsushita, D. Kuroiwa / J. Math. Anal. Appl. 294 (2004) 206–214 2071. Introduction
Let H be a Hilbert space, C a nonempty closed convex subset of H , S a nonexpan-
sive mapping from C into itself such that the set F(S) of all fixed points of S is nonempty.
Shimizu and Takahashi [4] studied the convergence of iteration process for a family of non-
expansive mappings in a Hilbert space. Using an idea of Shimizu and Takahashi [4], Shioji
and Takahashi [5] studied the strong convergence of the sequence {xn} in the framework
of a Banach space. We restate the sequence {xn} as follows:
xn+1 = αnx + (1 − αn) 1
n + 1
n∑
j=0
Sjxn for n = 0,1,2, . . . , (1)
where x0, x are elements of C, and {αn} is a sequence such that 0 αn  1. They proved
that {xn} converges strongly to an element of fixed point of S which is nearest to x in
the framework of a Hilbert space. But this approximation method is not suitable for some
nonexpansive nonself-mappings. On the other hand, the authors [2] studied the strong con-
vergence of the two sequences generated by
x1 = x ∈ C, xn+1 = αnx + (1 − αn)PT xn for n = 1,2, . . . , (2)
y1 = y ∈ C, yn+1 = P
(
αny + (1 − αn)Tyn
)
for n = 1,2, . . . , (3)
where P is the metric projection from H onto C, and T is a nonexpansive nonself-mapping
from C into H . We proved that {xn} and {yn} converge strongly to fixed points of T when
F(T ) is nonempty.
In this paper, we study the two type iteration processes which are mixed iteration
processes of (1)–(3) as follows:
xn+1 = 1
n + 1
n∑
j=0
(
αnx + (1 − αn)(PT )jxn
)
for n = 0,1,2, . . . , (4)
yn+1 = 1
n + 1
n∑
j=0
P
(
αny + (1 − αn)(T P )j yn
)
for n = 0,1,2, . . . , (5)
where x0, x, y0, y are elements of C, P is the metric projection from H onto C, and T is a
nonexpansive nonself-mapping from C into H . To prove our results, we use the nowhere
normal outward condition. It was first presented by Halpern and Bergman [1]. This bound-
ary condition is very simple but great importance in our proof. By using nowhere normal
outward condition, we first consider the sequence {xn} generated by (4) and prove that {xn}
converges strongly as n → ∞ to an element of fixed point of T when F(T ) is nonempty,
further we consider the sequence {yn} generated by (5) and prove that {yn} converges
strongly as n → ∞ to an element of fixed point of T when F(T ) is nonempty.
2. Preliminaries and notations
Throughout this paper, we denote the set of all nonnegative integers by N. Let H be a
real Hilbert space with norm ‖ · ‖ and inner product 〈· , ·〉. Let C be a closed convex subset
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by F(T ). T is said to nonexpansive if
‖T x − Ty‖ ‖x − y‖ for all x, y ∈ C.
From condition of C, there is a mapping P from H onto C which satisfies
‖x − Px‖ = min
y∈C ‖x − y‖ for all x ∈ H. (6)
This mapping P is said to the metric projection from H onto C. We know that the metric
projection is nonexpansive and that a mapping P from H onto C satisfies (6) if and only
if 〈x − Px,y − Px〉  0 for each y ∈ C and x ∈ H . T is said to satisfy nowhere normal
outward condition ((NNO) for short) if
T x ∈ Scx for all x ∈ C,
where P is the metric projection from H onto C and Sx = {y ∈ H | y = x,Py = x}.
Concerning (NNO) condition, we know the following [2]:
Proposition 1. Let H be a Hilbert space, C a nonempty closed convex subset of H , P the
metric projection from H onto C, and T a nonself-mapping from C into H . Suppose that
T satisfies (NNO) condition. Then F(T ) = F(PT ).
Proposition 2. Let H be a Hilbert space, C a nonempty closed convex subset of H , and
T a nonexpansive nonself-mapping from C into H . If F(T ) is nonempty then T satisfies
(NNO) condition.
The following lemma is a similar result which is proved by Shimizu and Takahashi [3].
In a similar way, we can show this lemma.
Lemma 1. Let H be a Hilbert space, C a nonempty closed convex subset of H , and S
a nonexpansive mapping from C into itself such that F(S) is nonempty. Let {xn} be a
sequence in C such that {xn+1 − 1n+1
∑n
j=0 Sj xn} converges strongly to 0, and let {xni } be
a subsequence of {xn} such that {xni } converges weakly to x ∈ C. Then x is a fixed point
of S.
Proof. We show that {Slx} converges strongly to x . If not, there exist a positive number ε
and a subsequence Slk x of {Slx} such that ‖Slk x−x‖ ε for each k. Since {xni } converges
weakly to x , for each y ∈ C with y = x , we have
lim inf
i→∞ ‖xni − x‖ < lim infi→∞ ‖xni − y‖.
Let r = lim infi→∞ ‖xni − x‖ and choose δ > 0 such that δ <
√
r2 + ε2/4 − r . Then,
there exists a subsequence {xmi } of {xni } such that ‖xmi − x‖ < r + δ/6 for every i . On the
other hand, we have
‖xmi − Slx‖
∥∥∥∥∥xmi − 1mi
mi−1∑
Sjxmi−1
∥∥∥∥∥
j=0
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∥∥∥∥∥ 1mi
mi−1∑
j=0
Sj xmi−1 − Sl
(
1
mi
mi−1∑
j=0
Sj xmi−1
)∥∥∥∥∥
+
∥∥∥∥∥Sl
(
1
mi
mi−1∑
j=0
Sj xmi−1
)
− Slx
∥∥∥∥∥
 2
∥∥∥∥∥xmi − 1mi
mi−1∑
j=0
Sj xmi−1
∥∥∥∥∥+ ‖xmi − x‖
+
∥∥∥∥∥ 1mi
mi−1∑
j=0
Sj xmi−1 − Sl
(
1
mi
mi−1∑
j=0
Sj xmi−1
)∥∥∥∥∥.
In particular,∥∥∥∥∥ 1mi
mi−1∑
j=0
Sj xmi−1 − Sl
(
1
mi
mi−1∑
j=0
Sjxmi−1
)∥∥∥∥∥

∥∥∥∥∥ 1mi
mi∑
j=1
Sj xmi−1 − Sl
(
1
mi
mi∑
j=1
Sj xmi−1
)∥∥∥∥∥+ 1mi ‖xmi−1 − Smi xmi−1‖
+
∥∥∥∥∥Sl
(
1
mi
mi∑
j=1
Sj xmi−1
)
− Sl
(
1
mi
mi−1∑
j=0
Sj xmi−1
)∥∥∥∥∥

∥∥∥∥∥ 1mi
mi∑
j=1
Sj xmi−1 − Sl
(
1
mi
mi∑
j=1
Sj xmi−1
)∥∥∥∥∥+ 2mi ‖xmi−1 − Smi xmi−1‖.
Since {xmi−1} and {Smi xmi−1} are bounded, there exists a positive integer i1 such that
1
mi
‖xmi−1 − Smi xmi−1‖ <
δ
6
for each i  i1. Since {xmi−1} is bounded, by Lemma 3 in [3] there exists a positive inte-
ger L0, such that for every l  L0, there exists a positive integer il satisfying∥∥∥∥∥ 1mi
mi∑
j=1
Sj xmi−1 − Sl
(
1
mi
mi∑
j=1
Sjxmi−1
)∥∥∥∥∥< δ6
for each i  il . Since limn→∞ ‖xn+1 − 1n+1
∑n
j=0 Sj xn‖ = 0, there exists a positive integer
i0 such that∥∥∥∥∥xmi − 1mi
mi−1∑
j=0
Sjxmi−1
∥∥∥∥∥< δ6
for all i  i0. So, for any l  L0 and i max{il , i0, i1}, we have
‖xmi − Slx‖ < 2 ×
δ + r + δ + δ + 2 × δ = r + δ.
6 6 6 6
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∥∥∥∥
2
= 2
∥∥∥∥xmi − Slkx2
∥∥∥∥
2
+ 2
∥∥∥∥xmi − x2
∥∥∥∥
2
−
∥∥∥∥Slk x − x2
∥∥∥∥
2
<
(r + δ)2
2
+ (r + δ/2)
2
2
− ε
2
4
< (r + δ)2 − ε
2
4
< r2.
This implies
lim inf
i→∞
∥∥∥∥xmi − Slk x + x2
∥∥∥∥< r.
However, we have Slk x+x2 = x from ‖Slk x − x‖ ε, then we obtain lim infi→∞ ‖xmi − x‖
< lim infi→∞ ‖xmi − S
lk x+x
2 ‖, this is a contradiction. Therefore, {Slx} converges strongly
to x . This implies, for each ε > 0, there exists a positive number l0 such that
‖Slx − x‖ ε
2
for each l  l0. So, we have that if l  l0 + 1, then
‖Sx − x‖ ‖Sl−1x − x‖ + ‖Slx − x‖ ε.
Since ε is arbitrary, we get that Sx = x . 
3. Strong convergence theorems
In this section, we prove two strong convergence theorems. To prove our results, we use
the method employed in [6,7].
Theorem 1. Let H be a Hilbert space, C a nonempty closed convex subset of H , P1 the
metric projection from H onto C, T a nonexpansive nonself-mapping from C into H
such that F(T ) is nonempty, and {αn} a sequence of real numbers such that 0  αn  1,
limn→∞ αn = 0 and∑∞n=0 αn = ∞. Suppose that {xn} is given by x0, x ∈ C and
xn+1 = 1
n + 1
n∑
j=0
(
αnx + (1 − αn)(P1T )jxn
) for n = 0,1,2, . . . .
Then {xn} converges strongly to P2x ∈ F(T ), where P2 is the metric projection from C
onto F(T ).
Proof. Since F(T ) is nonempty, then T satisfies (NNO) condition. Let z ∈ F(T ), M =
max{‖x − z‖,‖x0 − z‖}. Then we have
‖x1 − z‖ =
∥∥α0x + (1 − α0)x0 − z∥∥ α0‖x − z‖ + (1 − α0)‖x0 − z‖M.
If ‖xn − z‖ M for some n ∈ N, then we can show that ‖xn+1 − z‖ M similarly.
Therefore, by induction, we obtain ‖xn − z‖M for all n ∈ N and hence {xn} is bounded.
Also, from
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∥∥∥∥∥xn+1 − 1n + 1
n∑
j=0
(P1T )
jxn
∥∥∥∥∥
=
∥∥∥∥∥ 1n + 1
n∑
j=0
(
αnx + (1 − αn)(P1T )jxn
)− 1
n + 1
n∑
j=0
(P1T )
j xn
∥∥∥∥∥
 αn
∥∥∥∥∥x − 1n + 1
n∑
j=0
(P1T )
jxn
∥∥∥∥∥,
we have {xn+1 − 1n+1
∑n
j=0(P1T )j xn} converges strongly to 0. Next, we shall prove that
lim sup
n→∞
〈P2x − xn,P2x − x〉 0. (7)
Let {xni } be a subsequence of {xn} such that
lim
i→∞〈P2x − xni ,P2x − x〉 = lim supn→∞ 〈P2x − xn,P2x − x〉,
and there exists {xnij } which is a subsequence of {xni } converging weakly as j → ∞ to
w ∈ C. From Lemma 1 and Proposition 1, we obtain w ∈ F(T ). Then we have
lim sup
n→∞
〈P2x − xn,P2x − x〉 = lim
j→∞〈P2x − xnij P2x − x〉
= 〈P2x − wP2x − x〉 0.
By (7), for any ε > 0, there exists m ∈ N such that
〈P2x − xn,P2x − x〉 < ε (8)
for all nm. On the other hand, from
xn+1 − P2x + αn(P2x − x) = 1
n + 1
n∑
j=0
(
αnx + (1 − αn)(P1T )jxn
)
− (αnx + (1 − αn)P2x),
this implies
‖xn+1 − P2x‖2 
∥∥∥∥∥ 1n + 1
n∑
j=0
(
αnx + (1 − αn)(P1T )jxn
)− (αnx + (1 − αn)P2x)
∥∥∥∥∥
2
+ 2αn〈xn+1 − P2x, x − P2x〉

{
(1 − αn) 1
n + 1
n∑
j=0
∥∥(P1T )jxn − P2x∥∥
}2
+ 2αn〈xn+1 − P2x, x − P2x〉
 (1 − αn)2‖xn − P2x‖2 + 2αn〈xn+1 − P2x, x − P2x〉
for all n ∈ N. By (8),
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= 2ε(1 − (1 − αn))+ (1 − αn)‖xn − P2x‖2
 2ε
(
1 − (1 − αn)
)
+ (1 − αn)
(
2ε
(
1 − (1 − αn−1)
)+ (1 − αn−1)‖xn−1 − P2x‖2)
= 2ε(1 − (1 − αn)(1 − αn−1))+ (1 − αn)(1 − αn−1)‖xn−1 − P2x‖
for all nm. By induction, we obtain
‖xn+1 − P2x‖2  2ε
(
1 −
n∏
k=m
(1 − αk)
)
+
n∏
k=m
(1 − αk)‖xm − P2x‖.
Therefore, from
∑∞
n=0 αn = ∞, we have
lim sup
n→∞
‖xn+1 − P2x‖ 2ε.
Since ε is arbitrary, we can conclude that {xn} converges strongly to P2x . 
Theorem 2. Let H be a Hilbert space, C a nonempty closed convex subset of H , P1 the
metric projection from H onto C, and T a nonexpansive nonself-mapping from C into H
such that F(T ) is nonempty, and {αn} a sequence of real numbers such that 0  αn  1,
limn→∞ αn = 0 and∑∞n=0 αn = ∞. Suppose that {yn} is given by y0, y ∈ C and
yn+1 = 1
n + 1
n∑
j=0
P1
(
αny + (1 − αn)(T P1)j yn
) for n = 0,1,2, . . . .
Then {yn} converges strongly to P2y ∈ F(T ), where P2 is the metric projection from C
onto F(T ).
Proof. Since F(T ) is nonempty, then T satisfies (NNO) condition. Let z ∈ F(T ), M =
max{‖y − z‖,‖y0 − z‖}. Then we have
‖y1 − z‖ =
∥∥P1(α0y + (1 − α0)y0)− z∥∥ ∥∥α0y + (1 − α0)y0 − z∥∥
 α0‖y − z‖ + (1 − α0)‖y0 − z‖M.
If ‖yn − z‖ M for some n ∈ N. Then we can show that ‖yn+1 − z‖ M similarly.
Therefore, by induction, we obtain ‖yn − z‖M for all n ∈ N and hence {yn} is bounded.
Also, from∥∥∥∥∥yn+1 − 1n + 1
n∑
j=0
(P1T )
jyn
∥∥∥∥∥
=
∥∥∥∥∥ 1n + 1
n∑
j=0
P1
(
αny + (1 − αn)(T P1)j yn
)− 1
n + 1
n∑
j=0
(P1T )
jyn
∥∥∥∥∥
 1
n + 1
n∑∥∥P1(αny + (1 − αn)(T P1)j yn)− (P1T )jyn∥∥j=0
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n + 1
n∑
j=0
∥∥αny + (1 − αn)(T P1)j yn − (T P1)j yn∥∥
 αn
1
n + 1
n∑
j=0
∥∥y − (T P1)j yn∥∥,
we obtain {yn+1 − 1n+1
∑n
j=0(P1T )j yn} converges strongly to 0. Next, we shall prove that
lim sup
n→∞
〈P2y − yn,P2y − y〉 0. (9)
Let {yni } be a subsequence of {yn} such that
lim
i→∞〈P2y − yni ,P2y − y〉 = lim supn→∞ 〈P2y − yn,P2y − y〉,
and there exists {ynij } which is a subsequence of {yni } converging weakly as j → ∞ to
w ∈ C. From Lemma 1 and Proposition 1, we obtain w ∈ F(T ). Then we have
lim sup
n→∞
〈P2y − yn,P2y − y〉 = lim
j→∞〈P2y − ynij ,P2y − y〉
= 〈P2y − w,P2y − y〉 0.
By (9), for any ε > 0, there exists m ∈ N such that
〈P2y − yn,P2y − y〉 < ε (10)
for all nm. On the other hand, from
yn+1 − P2y + αn(P2y − y) = 1
n + 1
n∑
j=0
P1
(
αny + (1 − αn)(T P1)j yn
)
− P1
(
αny + (1 − αn)P2y
)
,
this implies
‖yn+1 − P2y‖2 
∥∥∥∥∥ 1n + 1
n∑
j=0
P1
(
αny + (1 − αn)(T P1)j yn
)
− P1
(
αny + (1 − αn)P2y
)∥∥∥∥∥
2
+ 2αn〈yn+1 − P2y, y − P2y〉

{
1
n + 1
n∑
j=0
∥∥P1(αny + (1 − αn)(T P1)j yn)
− P1
(
αny + (1 − αn)P2y
)∥∥}2 + 2αn〈yn+1 − P2y, y − P2y〉

{
(1 − αn) 1
n + 1
n∑
j=0
∥∥(T P1)j yn − P2y∥∥
}2
+ 2αn〈yn+1 − P2y, y − P2y〉
 (1 − αn)2‖yn − P2y‖2 + 2αn〈yn+1 − P2y, y − P2y〉
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